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Abstract

In this experiment we studied three different kind of filters: RC, LC and RLC and com-
pared the theoretical attenuation and phase shift with the measured ones by plotting the
results with gnuplot software. For RC-filter at low frequencies the measured attenuation
followed the theoretical ones, but after cutoff it did’t decrease as fast as the theoretical.
The theoretical and measured phase shift of RC-filter followed each other only at high
frequencies and in LC-case they followed each other only at low frequencies. For LC-filter
and RLC-filter the theoretical resonance frequency were higher than the measured one,
which may be due to some disturbance affected by the coil in circuit. In both of LC and
RLC case the measured attenuation plottings followed well the theoretical one, but the
measured peak was shorter. The measured and theoretical Q-value of RLC-filter were
about the same, but the theoretical was a bit larger, which means the peak of theoretical
plotting should be higher than measured, which is true according the the measurements.
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1 Introduction

Filters are circuits, which are used to modify signal.[4, p. 507] There is two main type of
filters: low pass filters and high pass filters.|2, p. 24| Low pass filter passes low frequencies
and blocks high frequencies and the high pass filter passes high frequencies and blocks
low ones.

Filters may be constructed from resistors, capacitor and coils. In this excercise we study
RC-filter, LC-filter and RLC-filter by inspecting the attenuation and phase shift of those
filters. Attenuation means the amplitude loss, when signal is gone through the filter. The
phase shift of filter describes the distance of output and input signal measured in the
same phase.

2 Theoretical background

When studuing filters there is input voltage V;,, and output voltage V,,; of the form

Vin = |Vin| sin (wt)
‘/out - |V;)ut| sin (Wt + ¢)7

where w is frequency, t is time and ¢ is phase shift caused by filters.

2.0.1 Impedances

The impedances for resistor, capacitor and inductor are

Zp=R

—1
Zo=— 1
¢ uC (1)
ZL:z'wL.

For ideal inductor the impedance has only the imaginary component expressed above.
But in real case it has also an inner resistance Ry,

2.0.2 Attenuation

The proportion of frequency to amplitude is usually represented as logarithmic scale. The
attenuation \ describes the ratio of signal amplitude and reference signal amplitude and
it can be expressed as desibels

2 A
A = 101log,, A—; = 201og,, A—;., (2)
0

where the amplitude A can be voltage amplitude V. When considering the relation of
input and output voltages we can use impedances of the components in filter circuit

‘/out Zout
— . 3




2.0.3 Phase shift

The measured phase shift of two signal can be defined by multiplying the time difference
by frequency

¢=At-w=21At- f. (4)

That describes the interval between input and output signal, which are in the same phase.
To define the theoretical value for phase shift one has to transform the output and input
voltage propotion into form, which includes real part a and imaginary part b as the
equation below:

V;mt o Zout o .
T a + ib. (5)
Imaginary
/N
S
S
AS b
¢ >Rea|
Lﬁ'x;

a

Figure 1: The real part a and an imaginary part b of the equation 5 create a right-angled
triangle, where the angle ¢ is the phase shift

The phase shift is described visually in the figure 1, where the imaginary b and real part
a of equation 5 are shown. Thus the tangent of the phase shift ¢ can be defined using the
right-angled triangle of the figure

tan ¢ = 2 = ¢ = arctan (S). (6)
2.1 RC-filters
o R o
V., C_— Vou
o o

Figure 2: RC-filter

The RC-filter circuit used in this experiment is presented in the figure 2. There is one
resistor and one capacitor in RC-filter, so calculating the relation of input and output



voltages we need the impedances of resistor and capacitor represented in the equation 1.
Let’s define the relation of input and output signal of RC-filter using equation 3:
Vour _ 2o &
Vin Zr+Zc R+ %
=i RwC +1i
" RwC —i <RwC’—|—z’>
—1RwC + 1
(RwC)2+1’
where ¢ is imaginary unit, R resistance and C' capacitance. Now we can transform this to
the form as the equation 5 by writing down the real and imaginary part separately
Vour 1 . —RwC

Ve (RoCP+1 " (ReCR+ 1

The phase shift can be calculated using the equation 6 with values a = m and
_ __—RwC .,
b= (RwC)2+1"
b —RwZC
¢ = arctan (—) = arctan (%) = arctan (—Rw(). (7)
a (RwC)2+1

The relation of V,,; and V;,, can be expressed as

ot | - VT O = (o) + ()

‘/in
B (RwC)?*+1 1 s)
VNV (RwC2+1? ~ J(RoCE+ 1

which can be used in the equation 2 to obtain the attenuation.

2.2 LC-filters
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Figure 3: LC-filter

LCfilter is very similar to RC-filter, but the resistor is replaced with an inductor. As
shown in figure 3, the inductor has inductance L and resistance Rj. For LC-filter the
proportion of input and output signal amplitudes is

Vour Zo B = B 1
Vie Ri+Zi+Zc Rp+iwL+ 3} 1-w’CL+iwCRy
1 (1 - w?CL) — iwCRy,

(1 —w?CL)+iwCR, (1 —w?CL)—iwCRy
. (1 — (,UQCL) — ’iWCRL
(1 —=w2CL)? + (WCRp)?




This can be expressed as the equation 5, where a = (ka%Z)“iC(i)CRL)Q and b = (szc’;gf(fdcm)z.
Thus the phase shift is
b < —wCRp ) R.C
(1-w?2CL)?4+(wCRyL,)? —wity,
= ssctan () = sretan ( ) = wetan (7=3575) O
¢ = arctan - arctan arctan ( T——-~ (9)

(1-w2CL)
(1-w2CL)%24+(wCRL)?

The magnitude of input and output voltage relation is

V;)ut
Vin

= V(P + o7

- (1-w2CL) > “WOR, >

= \/((1 —2CL) ¢ (wC’RL)2> " <(1 —ACL) ¢ (WCRL)Q)

_ [ (1 =wPCLP + @CRL? 1 )
(a-worp+ (wCRL)2>2 V(1= w2CLY + (wCRy)?

The resonance frequency occurs, when impedance between input voltage and output is at
minimum. Thus

1
Z:ZC+ZL+RL:i<—+wL>

wC'
vy
= |Z|: (RL) —|—<E+WL)

-1 1
= —+4wl=0 = w=—.
wC' VLC
Now we got the theoretical resonance frequency, which need to be transformed

L e = L (11)
w = = 47T — .
RT LC RT RT 27‘( LC

2.3 RLC-filters

out

Figure 4: RLC-filter

RLC-filter is represented in picture 4. There is showed also a resistance of the inductor
Ry, but it’s very small and I neglect in during calculations. Now the output voltage and

4



input voltage relation can be expressed as

Vour  Ze+ZL w_—é+iwL
Vin Zo+Zp+R  Zi4iwL+R
1—w?CL (1 —w?CL) —iwCR

T 1-w’CL+iwCR (1—w?CL) — iwCR
(1 —w?CL)((1 — w?CL) — iwCR)
(1-w?CL)? + (wCR)??

(1-w2CL)?
(1-w2CL)?+(wCR)

. Using those terms a and b we got the phase shift equation

—(1—w?CL)(wCR)Y\ —wCR
(1-w2CL)? > = arctan (1 - w2CL)'

where we can clearly see the real part a =

—(1-w?CL)(wCR)
(1-w2CL)%2+(wCR)?

> and imaginary part b =

¢ = arctan (é) = arctan <

- (12)

Let’s next figure out the magnitude equation for output and input voltage relation

vmrp (- w@CLp e (1 wCL)eCR) y:
=Va? + 7 = \/<(1—w2C’L)2+(wCR)2> " ((1 —w20L>2+<wOR>2>

V;Jut
Vin

(1 - w2CL)2 ((1 —W2CL)? + (w(JR)2>

((1 WL (WCR)2)2

1 —w?CL
~ /(I —wCL)? + WCR)? (13)

The resonance frequency occurs, when impedance between output and input is at mini-
mum. It can be calculated at the same way than in LC-filter case. Thus

-1
Z=Uo+Z,+R=R+i(— +wl)

wC
Z \/R2 AR
2] = /(B + (o7 +wL) .
which is at minimum, when
-1 1

wlL = w=—

wC VIO
And when wgr = 27 frr we get the resonance frequency

Frp = 1
= 2V LC

(14)

The Q-factor describes the quality of the circuit. In this case it tells how well our RLC-
filter stores energy.[3, p. 5] It can be expressed as

WR wRL

R ZRE 15
where wp is resonance frequency and Aw is bandwith of the signal wave. Thus the wider
bandwith the smaller Q-value.

Q=



3 Experimental methods

This laboratory study took two days to be performed completely. At the first day we
made measurings for RC-filters and LC-filters and at second day we performed RLC-filter
measurings.

The resistance of resistor in RC-filter, capacitance of capacitor and inductance of inductor
were measured with Megger B131 multimeter. The inductor resistance was measured

with Finest multimeter and resistor of RLC-filter was measured with UNIT-T multimeter
(UT58B).

3.1 RC-filter

Tektronix

. en
T

Figure 5: Measurement settings for RC-filter

Vout
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<

The supervisor set up the coupling for RC-filter using Bimboard connection plate, wires, a
resistor and a capacitor. First we checked the signal of Maxcom power supply (MX-9300)
connected only with a digital oscilloscope Tektronix (TDS3012) and then we tested the
filter coupling with oscilliscope.

Before the actual measurements we coupled the RC-filter with the oscilloscope and power
supply as shown in the figure 5, where the channel 1 was coupled with input voltage and
channel 2 was coupled with output voltage. The frequency of power supply were adjusted
by turning a button. We started at low frequency values and wrote down the values of
input voltage, output voltage and phase shift time. The voltages were displayed on the
oscilloscope screen as a height of the signal figure and the phase shift time were defined
as an horizontal distance of input and output voltages figures. We picked up those values
using several differ frequency and rose the frequency value after every measurings.

3.2 LC-filter

After RC-filter measurement we just changed the resistance component to inductor and
didn’t do anything else modification to the circuit. The setup for LC-filter is shown in
picture 6, where Ry, is the inner resistance of the inductor.



Tektronix

Figure 6: Measure settings for LC-filter

The measurement was performed quite similarly than in RC-filter case. First we adjusted
the small frequency and then we rose it writing down the input voltage, output voltage
and phase shift values for every chose frequency.

3.3 RLC-filter

The RLC-filter setup in shown in the figure 7, where capacitor and inductor are the same as
in earlier measurement, but in this case we used about 1k() resistance. The measurement
method was the same as in the RC-filter and LC-filter; we rose the frequency and picked
the values of input voltage, output voltage and phase shift time.

But the output voltage wasn’t a symmetric sine wave, when the frequency was near
the resonance frequance. The wave figure had two marked maximum points and looked
deformed. But when frequency was far enough from the resonance, the signal seemed to
be non-disturbed sine wave.

Tektronix
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Figure 7: Measure settings for RLC-filter



4 Results

The measured values for components are listed below:

e Resistor (RC): R = 6670€2, 6R = 0.005R + 392 ~ 4012

Capacitor: C' = 22.18 - 107°F, §C = 0.01C' + 0.05- 10 °F~ 0.3 - 10~°F

Inductor: L = 0.010H, 0L = 0.02L + 0.005H~ 0.006H

Inductor: Ry = 1012

Resistor (RLC): R = 98712

The errors are defined using the user manual of Megger B131 multimeter [1| and they are
rounded up.

Before plotting and calculations I created tables as text files from the results of the
measurement log in attachment 1. Using those tables as text files I generated with gnuplot
4.4 software the calculations and plottings. The gnuplot logs are in the attachment 2 and
the tables of measurement results in attachment 3. The plottings of the attenuations are
performed at log-log scale, where x-axis (frequency) is allways of the form log,,(f) and
y-axis is A = 201og,o(Aout/Ain) (attenuation). When plotting the phase shift the x-axis
is again logarithmic log,,(f), but y-axis is ¢ (degrees).

4.1 RC-filter
4.1.1 Attenuation

The theoretical attenuation Ay of RC-filter can be calculated with the equation 2 using
the equation 8 thus

)
VT fRC) + 1/

A = 201log;, ( = 20log;, (

1
(wWRC)? + 1>

where w = 27 f is measured frequency, R is measured resistance and C' measured ca-
pacitance. Using that equation I calculated and plotted with gnuplot the theoretical
attenuation values for every measured frequency in figure 8(a).

The measured attenuation can be calculated using the measured input V;, and output
voltage V,,; values in the measurement log using the attenuation equation 2

Av = 2010%10(@)-
Vi
Also those values were calculated and plotted with gnuplot and it’s represented in the
figure 8(b). Both the theoretical and measured attenuation values are plotted in the
figure 9, where the square symbols are the theoretical and crosses are the measured values.
In this case the attenuation decreases, when frequency is increaseing, which means the
output voltage decreases approaching zero.



I made a liner fitting to the measured attenuation plotting to show the slope of the area,
where the attenuation is decreasing. The fitting is the straight line wrote in the figure
8(b) and I setted its’ range to be from 3 to 5. The fitting function was of the form
f(z) = a+b-z, where the gnuplot generated the values a =21 +3 and b = —8 £ 1. The
slope of the fitting is actually the parameter b = ﬁlﬁfm = -8+ 1.

The cutoff frequency occurs, when % = \/Li The theoretical value for RC-filter cutoff

frequency can be calculated with equation w.r = % =2wfor = for = ﬁ = S0

1
The error for this can be calculated using the propagation of error method §f = /> ,( % 51,)2,

thus

st = oy G+ (Bo0) = 1 (et) + (o)
1 —22.18-1079-40 \2 —6670-0.3-10-9
T om ((6670 -22.18 - 109)2> ((6670 -22.18 1079

)2>2 ~20Hz.  (16)

Now the theoretical cutoff frequency is f.r = (1080 4 20)Hz

The measured value for cutoff frequency can be figured out using the linear fitting equation

Vi
f(@) = Aar = 20logy (7

wm

1
) =20 loglo(ﬁ) =21 -8z

21 — 20log;o(55)
=T = g 10*/5,

where x is actually the x-axis of the figure, which is defined to be log,q(feas), thus we
obtain the measured cutoff frequency f.); expressing

21 — 20log;o( )
x =logo(femr) = 3 vz

21720103’10(%)

— fr =105 " ~ 1003Hz,

which is smaller than theoretical value. Even if we take the error of theoretical value into
account they don’t be equal.
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4.1.2 Phase shift

Let’s next figure out the theoretical phase shift using the equation 7
¢r = arctan (—Rw(C') = arctan (—27 f RC') = arctan (—360f RC).
And the measured phase shift is defined as the equation 4
dn = —2nAtf = —360Atf.

I made the plottings for theoretical (figure 10(a)) and measured (figure 10(b)) phase shift.
Additionally both of the phase shifts are represented in the same figure 11. That figure
shows the measured phase shift didn’t give any value in lower frequencies, which is due to
the fact the measured phase shift time was zero, which affects the equation comes zero.
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4.2 LC-filter

4.2.1 Attenuation

The theoretical attenuation value is defined as the equation 2, where the amplitude rela-
tion is defined to be the equation 10. Thus the theoretical attenuation is

1
Ar =201
T 200 (¢(1 —CL? + (WCRLV)’

where C' is measured capacitance, L measured inductance Ry, is the measured resistance
of inductor and w = 27 f frequency. The theoretical attenuation for every measured
frequency is plotted in the figure 12(a).

The measured attenuation is defined the same way than at the RC-filter case, thus

Ay = 20logy <%>7
where V,,; is output voltage and V;,, input voltage of LC-filter marked in the attachment
1. Plottings for those measured attenuation values are shown in the figure 12(b), where
is also a liner fitting for the last part of the plottings. I setted the linear fit range from
4.5 to 5.5, which includes the plottings values after the peak. Linear fitting function was
of the form f(z) =a+0b-x, where a = 7.1 and b ~ —8.4 generated by gnuplot. Now the

slope of attenuation is b = A?O’;;”(ff) = —8.4.

The resonance frequency fr at the measured plottings occurs, when impedance between
input voltage and output voltage is at minimum. The theoretical value frr = %wRT for
this can be calculated using the equation 11

frr =

1
~ 10686.6Hz,
2wV LC

where L = 0.010H and C' = 22.18 - 107°F. Let’s calculate also the error with propagation
of error method

B 1 6UJRT 2 GwRT 2 . 1 %C&L 2 %de 2
Ofrr = %\/< oL 5+ ac i) = %\/((LC)W) + ((LC’)?’/?)
B ( £22.18-1079 - 0.006 >2 ( $0.010-0.3-10°
—\ \(0.010 - 22.18 - 10-9)3/2 (0.010 - 22.18 - 10-9)

2
7z) ~ 4000Hz,

So the theoretical resonance frequency is frr = (11000 £ 4000)Hz. As one can note the
error is a quite large, which is due to the error of inductor showed in the begin of the
section 4.

From graph the resonance frequency can be defined to occur, when attenuation is as
high as possible. So let’s consider the peak in the figure 12(b), where one can note the
measured resonance frequency is

log1o(fra) ~ 4 = frar ~ 10* = 10000Hz,

which is smaller than theoretical value for this. But when taking the error of theoretical
value into account, the measured resonance frequency corresponds the theoretical one.

12
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4.2.2 Phase shift

The theoretical phase shift for LC-filter can be calculated using the equation 9

—whiC ) = arctan (—_ZWfRLC ) = arctan< —360/ 1. C )

¢r = arctan (m 1— (2nf)2LC 1 —(360f)2LC

and the measured phase shift is defined to be

bar = 27 ALf = —360Atf.

The theoretical and measured phase shift plottings are represented in the figures 14(a)
and 14(b) and they are also plotted in the same figure 15.
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4.3 RLC-filter

When measuring RLC-filter we used the same capacitor and inductor than in RC-filter
and LC-filter measurements, but the resistor used in this case was different.

4.3.1 Attenuation

The theoretical attenuation can be calculated putting the equation 13 to the equation 2

1 —w?CL >
V(1 —w?CL)? + (wCR)?/’

Ar = 20logy, (

where the parameters of the components C, L and R are measured with multimeter and
w = 27 f is frequency. The measured attenuation is defined to be

Vou
as like at the RC-filter and LC-filter case. Thus those input and output voltages are
measured using the oscilloscope. Theoretical attenuation is plotted in figure 16(a) and
measured attenuation is showed in figure 16(b). Both of the theoretical and measured
attenuation plottings are represented in the same figure 19.

Theoretical value for resonance freqecuency can be calcuated with equation 14, which
says frr = ﬁ ~ 10686.6Hz, which is exactly the same than the theoretical resonance
frequency of LC-filter, because we used both of the cases the same capacitor and inductor.
Thus also the error of the theoretical resonance frequency is same than in LC-filter case
in the section 4.2.1 and we can express frr = (11000 +4000)Hz. The measured value for
this can be interrepted from the picture 16(b), where the resonance frequency occurs in
the point, where is the peak. So the measured resonance frequency is logio(fry) = 4 =
frar = 10000Hz.

Q-value is defined as the equation 15, thus Q) = %. Calculating the theoretical value

we need to use theoretical resonance frequency wrr = 27 frr = 67145.9Q2, which gives
the theoretical Q-value Qr = % ~ 0.68. The measured Q-value can be calculated with

measured frequency wry = 27 fryr = 62831.85€2, thus Q) = “’Rgf’: ~ 0.64.

15
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4.3.2 Phase shift

To obtain theoretical phase shift for RLC-filter one has to use the equation 12

—wCR —360fCR )

¢ = arctan <m> = arctan (1 — (360f)2CL

and it’s plotted in figure 18(a) and the measured phase shift is

dur = 2nALF = —360ALf,

which is plotted in figure 18(b). The plotting of the measured phase shift seem to be like
a triangle, allthough the theoretical plotting is a quite clean. The figure 19 shows both
the theoretical and the measured the phase shift.
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Figure 18: Theoretical and measured phase shift of RLC-filter
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Figure 19: Measured and theoretical phase shift of RLC-filter
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5 Conclusions

Let’s first consider the results of RC-filter. The measured attenuation of RC-filter seemed
to follow the theoretical attenuation in low frequencis as shown in the fiture 9, but in
high frequencies the measured plottings don’t decrease as fast as the theoretical plottings.
It means the output voltage decreasing becomes slower. The measured cutoff frequency
was f. =~ 1003Hz, which was smaller than theoretical f.p; ~ 1075.80Hz. Maybe those
differencies between theoretical and measured values can be due to the resistore heating,
when power is on. It may create the lower resistance affecting higher attenuation. The
measured phase shift plotting was more near zero than the theoretical as shown in figure
11, which means there may have been something disturbance.

Next we consider the LC-filter results. Both of the theoretical and measured attenuation
plottings in figure 13 seem to first be constant and then there is a peak, after which the
attenuation begins to decrease. But the peak in theoretical plotting is a bit higher than
measured one. After peak the measured plots seem almost follow the theoretical plots.
Now one can note there is a difference to RC-filter, where the measured attenuation
didn’t decrease as fast as the theoretical one after. The difference between RC and LC-
filter can be due to the fact that inner resistance of inductor is very small, maybe it
doesn’t heat so much as the larger resistance of the RC-filter. I calculated also theoretical
frr = 10686.6Hz and measured fry; =~ 10000Hz resonance frequency for LC-filter and
one can note the theoretical is about 7% larger than measured one. Maybe the coil affect
some magnetic fiel creating inductance in the circle and disturbs the resonance feature.

The phase shift in figure 15 of LC-filter almost followed the theoretical one in low frequen-
cies but after resonance the theoretical plotting stagnated almost at zero, although the
measured value was lowering getting negative values. Maybe there was generated some
additional resistance or features of capacitor was transformed, which the theory doesn’t
notice.

Last one filter was the RLC-filter. T made also for this filter attenuation and phase shift
plottings. The theoretical and measured attenuation plottings in figure 19 were very same
alike with every frequency values, buth at the resonance the measured attenuation peak
wasn’t as deep as the theoretical one. Both of the theoretical and measured resonance
frequency values was exactly the same than in LC-filter. Actual the theoretical resonance
frequency was defined by using the same equation with same parameter values and mea-
sured resonance was defined from the attenuation figures finding the peak location. For
RLC-filter I defined also the Q-value, which describes the quality of the circuit. Theo-
retical Q was Qr ~ 0.68 and measured one was a bit smaller ();; ~ 0.64, which means
the peak of measured plotting should be wider and shorter than theoretical one, which is
clearly shown in the figure 19. The phase shift of this filter was very different from the
theoretical.

6 Attachments

1. Measurement log
2. gnuplot logs
3. Measurement result tables (used with gnuplot)
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